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Abstract

We study random matrix theory and its applications in machine learning, specifically the ini-
tialization methods used when training neural networks. We first provide a literary overview of
random matrix theory and its applications in order to motivate a discussion of its mathematical
underpinnings. We then design an image classification neural network to test the effectiveness of
various initialization methods. We discover that Xavier and He initialization consistently outper-
form Gaussian initialization in terms of accuracy and speed of convergence.

Keywords: Random Matrix Theory, Applications of Random Matrices, Eigenvalue Density, Random Matrix
Ensemble, Initialization Methods, He Initialization, Xavier Initialization, Wigner Matrices

Contents
1 Introduction 1
2 Literary Overview 2
3 Random Matrices and their Properties 2
3.1 Wigner Matrices . . . . . . . . . e 2
3.2 Gaussian Ensembles . . . . . .. oL L 3
3.3 Eigenvalues of Random Matrices . . . . . . . . . . ... 3
3.4 The Semi-Circle Distribution . . . . . . . . . . . .. e 5
4 Random Matrices in Machine Leaning 5
4.1 Modeling High Dimensional Data . . . . . . . . . ... .. . . . 5
4.2 Weight Initialization in Machine Learning . . . . . . . . . .. .. ... 0000 6
4.3 Xavier Initialization . . . . . .. o Lo 6
4.4 He Initialization . . . . . . . . L e 8
5 Comparing Different Random Matrix Initialization on a NN 9
5.1 Data . . . o . o e 9
5.2 Three-layer Feed-Forward Network . . . . . . . . . . ... . 9
5.3 Convolutional Network . . . . . . . . . . . . 11
6 Conclusion 12

1 Introduction

Random Matrix Theory seeks to provide a theoretical underpinning to the properties that arise from matrices
whose entries are drawn from probability distributions. Many of these properties have numerous applications
in a wide range of fields: notably statistics, computational physics, and most recently machine learning.

A single random matrix is a realization of the random matrix ensemble from which it is drawn. Two important
ensembles studied in this paper are the Gaussian Orthogonal Ensemble (GOE) and the Gaussian Unitary En-
semble (GUE), which are defined over the set of real symmetric and complex Hermitian matrices, respectively.
The matrix entries for both ensembles are independently and identically distributed (i.i.d.) according to a
Gaussian distribution centered at 0 and whose variances are chosen so that their joint probability densities are
invariant over Orthogonal and Unitary similarity transformations.



While the GOE and GUE are the two ensembles discussed in this paper, several others also appear often in
literature. One example is the Circular Ensemble, which is composed of complex unitary matrices with the
same invariance properties as the Gaussian examples above, yet differ in that their eigenvalues are confined to
the unit circle in the complex plane rather than to the real line.

All random matrix ensembles introduced above have several interesting properties, especially the asymptotic
behavior of their eigenvalues. It is these same properties that make random matrices especially relevant to
machine learning.

2 Literary Overview

Given that random matrices have random-valued entries, it should be unsurprising that they are often found
when dealing with natural processes: the world after all — from disease transmission to stock price fluctuations
— is an undoubtedly random place.

Therefore, it is only natural that the importance of random matrices is tied to its wide range of applications.
This is true especially when considering the extent to which various fields of computation attempt to model the
world for the purpose of prediction and understanding. Data analysis and statistical models are both obvious
applications, but random matrices also play a critical role in the physical sciences such as nuclear and particle
physicals [1].

Random matrices saw their first concrete application in John Wishart’s 1928 work in the field of mathematical
statistics [2]. However, the importance of random matrices in the study of the physical world date back to
Eugene Wigner’s particle physics research in the 1950’s [3]. When studying the energy levels of heavy nuclei,
Wigner was unable to generate closed form solutions for calculations involving interactions of complex forces.
This is because quantum mechanical forces are the primary components in systems at the microscopic level,
which are notoriously difficult to observe and require immense computing power to do so. Instead, Wigner
turned to random matrix theory to infer general properties of the system [4]. More specifically, Wigner used
properties of the eigenvalues of random matrices to infer properties of the energy spectra of the atoms he was
studying.

In the years that followed, random-matrix theory became increasingly prominent in early discoveries of quantum
chaos (Bohigas, Giannoni, and Schmit, 1984), which led to a random-matrix theory of quantum transport
[5][6]. Even today, random matrices are instrumental tools in various areas of mathematics such as multivariate
statistical analysis and principal components analysis [7][8]. As Izenman notes, random matrices are applicable
in many situations that require an “indirect method for solving complicated problems arising from physical or
mathematical systems” [9].

Many of these discoveries relied on the Universality Conjecture, which states that local behavior in the eigen-
values of large random matrices have limits that are independent of the probability distribution of the matrix
ensembles [9]. While it is well known that the Universality Conjecture doesn’t hold in general, researchers
instead constrain themselves to working with certain families of probability distributions for which it does
hold. These probability families are closely related to the types of random matrix ensembles, but more on this
in Section 2.

In addition to their multitude of applications, random matrices are an exciting mathematical object because
of the wide range of tools used to study them. As Anderson et al. point out, Wigner, Dyson, Mehta and
collaborators formulated theories on the spectrum of random matrices as far back as the 1960s using tools
found in number theory and numerical analysis. Other early advances relied on enumerative combinatorics,
Fredholm determinants, and diffusion processes [1].

3 Random Matrices and their Properties

A random matrix is a matrix A such that each entry a;; is a random variable. Several interesting properties
arise from this randomness, and this section provides a general overview of these key theories and observa-
tions.

3.1 Wigner Matrices

There are two classes of Wigner matrices, the first being real Wigner matrices [10]. For 1 < i < j < oo, let
Xi,; be iid. (real) random variables with 4 = 0 and o = 1 and set X;; = X; ;. Let X;; also be i.i.d. real
random variables with © = 0 and o = 1, yet with possibility of being from a different distribution. Then
M, = [Xi ;)7 ;=1 will be a random n x n symmetric matrix known as a real Wigner matrix.



The second class of Wigner matrices are complex Wigner matrices [1]. These can be formed from letting X; ;
be i.i.d. complex random variables with z = 0 and E[X; ;]> = 1 and X,; = X; ;. Similarly, X;,; will be i.i.d.
real random variables with 4 = 0 and ¢ = 1. Then M,, = [X, ;];’;—; will be a random n X n Hermitian matrix
known as a complex Wigner matrix.

For random matrices, the eigenvalues A1, Az2...\,, will be random variables themselves since they depend on the
random entries of said matrix.

3.2 Gaussian Ensembles

Each time we recreate a random matrix with values drawn from a Gaussian distribution with density
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we are recreating an instance of the Gaussian ensemble. Of all Gaussian ensembles, there are two that are
particularly important: the Gaussian Orthogonal Ensemble and the Gaussian Unitary Ensemble.

The Gaussian Orthogonal Ensemble GOE(n) is a real Wigner Matrix whose entries are distributed according

to the family of Gaussian distributions, where X; ; ~ N(0,1) and X;; ~ v2N(0,1). However, it can also be

T
constructed by letting a; ; be i.i.d standard normals and A, = [a; ;]i ;= for 4,5 € Z, with M,, = % being
a GOE(n). As the name might imply, the GOE(n) is invariant under orthogonal conjugation. Another useful

property is the joint eigenvalue density, which is given by
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where Z; is a normalizing constant that depends on n.

A second example of a Gaussian Ensemble is the Gaussian Unitary Ensemble GUE(n), which is a complex
Wigner Matrix with X; ; distributed according to a standard complex Gaussian X; ; ~ N (0, 1)+ 4N (0, 1) and
Xii ~ N(0,1). The resulting random hermitian matrix is called Gaussian Unitary Ensemble (or GUE). As
the name might imply, the GUE(n) is invariant under unitary conjugation.

Similarly to the GOE(n), there is a second construction that is worth noting. Let a; ; be i.i.d standard complex

Gaussians and A, = [a;;]7 ;=1 for i,j € Z, then M, = A”%;’*‘ is the GUE(n).

The joint eigenvalue density is given by
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where Z3 is a normalizing constant that depends on n.

3.3 Eigenvalues of Random Matrices

For a random matrix A of size N x N, there are K = 2V(N+1/2 matrices, where each occurs with probability

K1 =27 N(N+1/2 - A patural question is: What is the typical behaviour of the eigenvalues?

Let’s start by limiting ourselves to symmetric matrices, so that the eigenvalues are real. Let’s also assume a
distribution from which the a;; are drawn from: an elementary choice might be Bernoulli a;; € {0,1} with a;; =
aj; for all 4, j.

Some of these K matrices will indeed have eigenvalues that are abnormal, such as the matrix with a;; =1V 4,5
which will only have two unique eigenvalues, N and 0. These aberrations are more common when N is small,
and diminish in probability as N becomes large. For example, Figure 1 shows a histogram of the 8 eigenvalues
of a random matrix with N = 8. It is clear that there is no discernible pattern for this small N. However, a
pattern arises when N = 1000, as shown in Figure 2.

This demonstrates a key property of random matrices, known as Wigner’s Semicircle Law, which states that
the distribution of eigenvalues for a symmetric random matrix converge to Wigner’s semicircle as N — oo.
This convergence implies that the randomness of the matrix’s eigenvalues goes to zero as N becomes large,



Figure 1: Eigenvalue histogram for A, _g [11]

Figure 2: Eigenvalue histogram for A, —1000
[11]
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Figure 3: Eigenvalue histogram converges to Wigner’s semicircle [11]

and that the asymptotic distribution of the eigenvalues is a deterministic object as opposed to a random one.
What’s interesting is that this also holds for many distributions of a;;, not just the Bernoulli case we have
examined thus far.

With a sufficiently large N, we can study the continuous moments of these random eigenvalues as opposed to
their discrete histograms. This method treats Wigner’s circle as a distribution W with density pw (x). This
convergence in the distribution of eigenvalues is depicted in Figure 3 and allows us to write:

#{eigenval;\lfes in st} / Caw = / t pw (z)dz

We have not given a formula for distribution W, but one might notice that from the above convergence we can
also express the distribution as

N
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Where the indicator function 1, ;(x) =1 if € [s,t] and is 0 otherwise. This is more tractable when written
as
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In the above expression, the latter are the moments of W, the probability distribution of the random eigenval-
ues.

However, in order for this convergence to hold as N — oo we must choose the proper scaling factor [12]. Let’s
assume that a;; € {—1,1} and Ay = A} so that we can express the trace of the square of the random matrix
according to the following

N
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We need this trace to converge as N — oo, therefore we should re-scale each random matrix as

1
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so that tr(Ay) —— [z"dW (z).

We have shown how one can model the distribution of random eigenvalues for sufficiently large N using the
fact that W converges to a deterministic distribution. The next section will provide additional detail on the
explicit form of the semi-circle distribution.

3.4 The Semi-Circle Distribution

Now that we know the moments of the probability distribution, we can define its exact distribution.

First, it is important to note that the standard semi-circular distribution W spans the interval [—2, 2] and has
a density given by dW(z) = i\/4 — x2dzx.

Second, recall that the Catalan Numbers (Ck)r>0 are given by
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As Prof. Dr. Roland Speicher proves in full, the semi-circular distribution W is a probability measure such
that )
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and its moments are given by
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4 Random Matrices in Machine Leaning

Aside from their classical applications discussed in Section 3, random matrices play a central role in machine
learning. Applications are wide ranging, such as self-regularization in deep neural networks, image compression
using Markov field theory, and loss surface Hessians of artificial neural networks [13][14].

4.1 Modeling High Dimensional Data

Perhaps the best way to introduce random matrices’ inextricable ties to machine learning is by discussing the
fundamental task of modeling the data that ML models run on. More specifically, random matrices enable
the projection of high-dimensional data onto low-dimensional spaces, as is often required when visualizing the
high-dimensional data that is used in state-of-the-art machine learning applications. This can be done using
the Johnson-Lindenstrauss Lemma, which states that for any set of N points in high-dimensional space, there
exists a map to a much lower dimensional space of size log(N) so that the pairwise distance between any two
given points decreases at most by a controllable parameter. This mapping can be constructed by writing a
matrix whose values are drawn from a Gaussian distribution. This method is known as random projections
and is a key aspect of machine learning today.



4.2 'Weight Initialization in Machine Learning

Random matrices also play a crucial role in the initialization of neural networks. A significant amount of
research has been dedicated to studying the initialization of the nonlinear bias function b in an arbitrary
neural network layer, but less effort has been directed towards discovering optimal methods for weight matrix
initialization. In fact, initializing weight matrices is quite a nontrivial task, as illustrated below.

As an extreme case, consider a neural network layer whose weights are initialized to the zero matrix. Since
this would cause perfect symmetry to exist between each neuron in the layer, this would prevent the neural
network from training properly. But in a less extreme case, even if the weights of this layer are initialized
deterministically and as nonzero values, network training often runs into undesired issues such as exploding
and vanishing gradients, which results in loss divergence and/or impractical slowdown in training time. We can
notice that the final activation layer a* (where L is the number of layers) is produced by a series of products
of weight matrices from each previous layer W

at = LH_lWL—i =wrwht w2 owrwrw!
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In fact, backpropagation, which is used to find the gradients of the loss function with respect to the weight
parameters, also relies on a similar product of many weight matrices. If the weights are arbitrarily initialized
even just above or just below the identity matrix, the large series of multiplications in backpropagation will
lead to a product that grows or shrinks exponentially (respectively) with L, hence the terms ezploding and
vanishing gradients. An exploding gradient makes it difficult for gradient descent to converge to the global
minimum of the loss function — since the steps in training are too large, they end up oscillating around the
global minimum. With too large a step size, divergence is a possible risk as well. A vanishing gradient faces
the opposite problem — that is, either the small step size causes a major, impractical slowdown in the network,
or loss convergence occurs too quickly and the global minimum in the loss function is again not reached.
Ultimately, inappropriate weight initialization leads to significant reductions in the performance of a neural
network [15].

However, if we use random matrices to initialize the weights of our neural network, we can reliably and effectively
break the symmetry that causes zero initialization to fail, as well as mitigate the risk of exploding and vanishing
gradients. With random weight initialization, we can express each individual neuron in a neural network layer
as a unique linear combination of its inputs due to the random nature of the relevant coefficients.

Because of the above reasons, initializing the weights of a neural network using random matrices is now
commonplace in modern machine learning. However, most weights matrices are initialized using a standard
normal distribution that is centered around zero and has a variance of one. Ideally, when moving from layer to
layer, we would make adjustments to the underlying weights matrix distributions in order to avoid exploding
and vanishing gradients. Specifically, we can combat the issue of exploding and vanishing gradients, thereby
improving training speed and accuracy, by ensuring that the means and variances of neurons across multiple
layers do not change. In mathematical terms,

El""Y = E[a] (1)
Var[a! "] = Var[a")] (2)

where a!!l is the activation of the I'" layer of a neural network [15][16][18].

There are two important weight initialization algorithms that facilitate the properties above, namely Xavier
and He initialization. These methods are discussed at length in the following sections.

4.3 Xavier Initialization

In the past, neural networks have relied on sigmoid or hyperbolic tangent activation functions in their hidden
layers. The purpose of Xavier initialization is to ensure that equations (1) and (2) above are satisfied for
neural networks with sigmoid or hyperbolic tangent activation functions [16][25]. This will enable not only
faster training, but also an increase in neural network accuracy as discussed above.

We know that for all layers | we must have the following:



Var[a! "] = Var[a!"]

Because all weight and input distributions are centered at zero, and sigmoid and hyperbolic tangent functions
are approximately linear around zero, we can write

Var[a"™ Y] ~ Var[z["]

where

pli—1]

Z w; a[l 1

is the output of layer [ before the activation function is applied: the pre-activation. Thus,
nli—1]
Var[a!' "] ~ Var Z wl[l]ay*l]
nli=1]
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since for any two independent random variables X and Y, Var[X + Y] = Var[X] + Var[Y]. We also know that
for any two independent random variables X and Y, Var[XY] = E[X]?*Var[Y] + E[V]?Var[X] 4 Var[X]Var[Y]
[16]. Thus, we have

nli—1]
Var[al' Y] ~ Z E[wy]FVar[ay_l]] + E[ay_l]]2\/ar[wl[-”] + Var[wz[-”}\/ar[ay_ll]

1=1

Because the weights are all centered around zero, the first two terms on the right-hand side vanish:

Var[a!'~"] Z Var[w [l]]Var[ayfl]]

= n”f UVar[W]Var[a! =]

The Var[al'""] terms on each side cancel each other out, and after some rearranging, we are left with the
following;:

Var[W] = ——; ®3)

This is the Xavier initialization equation. If we initialize the weights matrices of a neural network with sigmoid
or hyperbolic tangent hidden-layer activation functions such that Equation (3) is satisfied, we should be able
to speed up network training and significantly increase the accuracy of our model [16][25].



4.4 He Initialization

Modern neural network architectures tend to use ReLU activation functions in their hidden layers, rather than
sigmoids or hyperbolic tangents. The purpose of He initialization is to speed up the training and increase the
accuracy of a neural network that uses ReLU activation functions in its hidden layers [16][26].

We obviously cannot use the linearity-around-zero argument that we used in the case of Xavier initialization,
because ReLLU functions have a discontinuity at zero. Instead, we will first prove the following lemma from
[20].

Lemma 1. If a!! = ReLU(z") = max(0, z1"), then

Proof.
E[(a")?] :/a[z]p(zm)dzm
R
= [ max(0, z1")?p(zl")dz"
R
(oo}
:/ ()2 (1)
0
1
-1 /R(Z[l])zp(z[u)dzm
Since the weights and inputs are still centered around zero, we can say that E[z[l]] = 0. Using this to our

advantage, we can rewrite the above as

Bla")) = 5 [ (1~ Bl p(")ds"
1 l 1]1\2
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The last two lines above result from the definitions of expected value and variance.

O

Let us now derive the He initialization formula, starting from equations (1) and (2) at the end of Section 4.2.
We have the following:

Var[a! "] = Var[a!)]
= El(a")?] - (Ei")?

due to the definition of variance. Since all weights and inputs are centered around zero, the second term above
vanishes. Thus, we have

Var[a! 1] = E[(a)?]
1 i)
= ~Var[z!
3 ar[z!"]
as a result of Lemma 1. Now we can follow the same exact steps that we took in the Xavier initialization

derivation in Section 4.3, while carrying this new factor of % in front of the right-hand side. We eventually
arrive at the following:



1
Var[al'~Y] = En[lfl]Var[W]Var[a[lfl]}

which leads us to the He initialization equation:

Var[W] = i) (4)

As before, if we initialize the weights matrices of a neural network with ReLLU hidden-layer activation functions
such that Equation (4) is satisfied, we should be able to speed up network training and significantly increase
the accuracy of our model [16][26].

5 Comparing Different Random Matrix Initialization on a NN

We implement various initialization methods on two different neural networks — a three-layer feed forward
network and a convolutional neural network — in order to evaluate each initialization method’s convergence
time and overall accuracy. We use the following weight initializations for each network in order to classify
MNIST digits:

Normal Initialization (control)
Xavier Uniform
Xavier Normal

He Uniform

A e

He Normal

As shown above, we create two instances of each type of advanced initialization (Xavier and He): one that uses
an underlying uniform distribution and one that uses an underlying normal distribution. Both are centered at
zero and have a variance of ﬁ (for Xavier initialization) or ﬁ (for He initialization). This is done to
see how the underlying distribution makes a difference in training and testing for each of the two networks we

designed.

For training, we use negative log likelihood (NLL) as our loss function, since it’s a tried and true method of
accentuating model certainty in image recognition techniques. This loss of each initialization method is stored
for each epoch of training that we do, generally 10 epochs with one exception that we will detail in the sections
below. At the end of the training, this is displayed, where the average training loss of each initialization method
is graphed over the number of training epochs. In addition, we also show a few indicative accuracy training
results, where the test image, model name, and model guess probabilities are shown in each entry.

5.1 Data

For our training and testing data, we used the popular MNIST dataset, given its accessibility and its wide use
in machine learning applications. Each image in the MNIST dataset is a 28 x 28 matrix of integers valued
between 0 and 255. Thus, each of our inputs for the networks start at a width of 784. For each session, a model
is initialized, and the randomized weights from either a normal, Xavier or He initialization are applied. From
there, over several epochs, images are flattened and used to train the model, and the overall loss is monitored
in each epoch as the model is trained. In our suite, this is done for normal initialization, Xavier normal
initialization, Xavier uniform initialization, He normal initialization, and He uniform initialization.

5.2 Three-layer Feed-Forward Network

The first of our two models used for experimentation was a simple three layer feed forward network with the
following architecture:

A fully connected layer with 784 input units and 128 output units
A ReLU activation layer

A fully connected layer with 128 input units and 64 output units
A ReLU activation layer



A fully connected later with 64 input units and 10 output units
A final softmax to express probabilities of each possible result given the input

Training with ten epochs and a learning rate of 0.003 gives the following training loss for each of the different
initialization schemes:

18 4 —— Normal Loss
16 4 Xavier Loss (Uniform)
] — Xavier Loss (Normal)
14 4 = He Loss {Uniform}
He Loss (Noermal)
E 12 -
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Figure 4: Training Results for the Five Initializations: Loss

As Figure 4 shows, the normal initialization lags well behind the Xavier and He initialization, but the advanced
initialization methods are just about equivalent after 10 epochs of training, with the He loss functions slightly
leading the Xavier loss functions. What this means in more tangible terms is that all advanced models tend to
predict with similar levels of certainty on the correct solution given test data, but the He initializations tend to
yield better correctness and certainty than the Xavier initializations. And both blow the normal initialization
out of the water.

Class Probability (Normal Initialization)

Class Probability (Xavier Initialization (Uniform)) Class Probability (He Initialization (Uniform))
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Figure 5: Training Results for the Five Initializations: Accuracy
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In Figure 5, we show the accuracy of the models — in other words, the probability that each model yields the
correct classification. The most important takeaway is that both variants (uniform and normal) of Xavier and
He initialization consistently yield a more accurate classification than normal initialization.

5.3 Convolutional Network

We next implement a deeper network with convolutional layers. Convolutional Neural Networks, CNNs, have
advantages over feed-forward networks in image classification because they can consider the spatial locality of
features. The following network architecture is used [17]:

A convolutional layer (without padding) with 32 filters of size 3 x 3
A ReLU activation layer

A max pooling layer with size 2 x 2

A convolutional layer (without padding) with 64 filters of size 3 x 3
A ReLU activation layer

A max pooling layer with size 2 x 2

A flatten layer (will flatten to size 1600 = 5 x 5 x 64)

A fully connected layer with 128 units

A ReLU activation layer

A dropout layer with drop probability 0.5

A fully-connected layer with 10 output units

(The above architecture is copied from 6.036’s MNIST classifier model in a homework assignment [17]).

Again, we finish with a final softmax layer, included in the cross-entropy loss function, which for our purposes
is the same as the negative log-likelihood (NLL) Loss.

Training with stochastic gradient descent, ten epochs, and a learning rate of 0.003 gives the following results
for the different initialization schemes:

200 - Normal Loss
175 1 Xavier Loss (Uniform)
Xavier Loss (Normal)
150 A — He Loss (Uniform)
He Loss (Normal)
g 125
g
= 100 1
o
™ 075 4
0.50 1
0.25 1

2 - 6 8 10
Number of Epochs

Figure 6: Training Results for the Five Initializations

As shown in Figure 6, there is a noticeable advantage in the He Uniform loss unlike in the non-convolutional
network. It begins with a lower training loss, and remains strictly below the other loss curves, resulting in
a lower final average error after 10 epochs. The other losses do converge more steeply, however. While it is
already known and theoretically understood that He initialization performs better for ReLU activations, it is not
exactly clear why He has performed better in this convolutional network, considering both networks considered
only use ReLU activations.[28] The most obvious conclusion is that the CNN is deeper and has one additional
ReLU layer in its architecture. However, performing significantly better than the other initializations due to
just one additional ReLLU layer is suspicious, and our experiment raises some interesting questions about the
higher performance of He Uniform initialization raises a few questions: Why did the He Normal initialization
not see the same advantages as the He Uniform? How significant is one additional ReLU layer in distinguishing
between performance of Xavier and He initialization?
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6 Conclusion

Random matrices have an immense number of applications, especially in statistics and the physical sciences.
As we have shown in this paper, they are responsible for facilitating discoveries relating to physics and play
central roles in commercial applications such as mobile communication systems.

The number and diversity of these application is in part due to the interesting properties that random matrices
exhibit. In this paper, we focused on the distribution of eigenvalues, showing that this distribution converged
to a deterministic object known as Wigner’s semi-circle as the size of the matrix went to infinity. We then
designed an experiment that implemented two neural networks using Xavier and He weight initialization. We
trained these models on MNIST data and studied the negative log-likelihood loss function in order to evaluate
the accuracy of the predictions.

We learned that the advanced random initialization techniques blew normal initialization out of the water
in terms of both minimizing loss and maximizing accuracy, and did so performantly, in fewer epochs than
standard normal initialization. The results reflect this across the board. We also saw that He initialization
outperformed Xavier initialization in the context of CNNs, which, given the relatively small scope of our
experiment, was a surprising phenomenon to observe, despite its agreement with the theoretical predictions.
In the other experiment, Xavier and He were approximately neck and neck.

Neural networks obviously have a plethora of applications in the real world, but the convention in modern data
science is to initialize weights matrices using standard Gaussian distributions with mean zero and variance 1.
As we have shown in this paper, Xavier and He initializations tend to make neural network training not only
faster but also more accurate. In the MNIST study that we conducted, the difference between the pure normal
initialization and the Xavier and He initializations may not have been extreme, but for a deep neural network
designed to solve a much more complex problem (such as facial recognition), the speedups that result from
Xavier and He initialization could go a long way. Not only would they save time, but in an era where it is
common to use interfaces such as the Google Cloud Platform or Amazon AWS to pay for computing resources,
these advanced initialization methods could significantly lower the cost of training a deep neural network. They
say that time is money, after all.
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