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1 Introduction

Diffusion Overview. Diffusion models have become one of the dominant approaches to gen-
erative artificial intelligence in the past decade [HJA20], most notably yielding state-of-the art
performance in image and video generation [PEL"24, RBL"22]. Other tasks where diffusion has
succeeded include planning problems [JDTL22, CXF*22], inverse problems [DNK 24|, and more
recently also text generation [LKW™23, WFLT23].

The success of diffusion models can be largely attributed to a good understanding of their
theoretical foundations. At a high-level, a diffusion model learns how to sample from a target
distribution D over R? by coupling it with a distribution that is easy to sample from, e.g. the
standard gaussian NV'(0, I), and then sampling from the joint. Any distribution over R? can be easily
coupled with A/(0, ) via running a simple stochastic differential equation. Different formulations
exist, but the classic Variance Preserving one (VP) reads

dX; = —Xdt + V/2dB;,

) ) ) (Standard VP Forward Process)
where Xy ~ D, and dB; is standard Brownian motion.

Here, X; is distributed like e ¢ X +N (0, (1—e~2%)I). Hence, as t — 400, the distribution converges
to standard Gaussian.

Producing a sample (Xg, X7) from the coupling of D and NV (0, I) (taking T to be large and thus
we can think of z7 as Gaussian) is easy if one has sample access to D. One first samples Xo ~ D
and then numerically runs the (Standard VP Forward Process) with an approximate discretization.
However, the practically relevant task is exactly the opposite — sampling from N (0, I) is easy while
sampling from D is hard. Can we somehow utilize (Standard VP Forward Process) towards this
end? It turns out that (Standard VP Forward Process) has a simple reverse process

X, = (- X, + Vg pr_y(X,))dt + V2dB,,

(Standard VP Denoising)
where X ~ N(0, 1), and dB; is standard Brownian motion.

Again, one can run the same process in reverse, provided that the score V log pt(Z) is known.
Here pr_; is the distribution of Xp_; in the forward process.

While the score Vlog pr—¢(X;) depends on an unknown distribution pr_;, it turns out that an
equivalent formulation makes it easy to learn:

e tE[Xo| Xy = 2] — 2
1—e2 '

Vg pi(z) = (Tweedie’s Formula)
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The conditional distribution IE[X(|X¢] can be learned from sample data. However, as empirically
observed, for good performance of the standard diffusion models,

A large amount of samples X from the target distribution D are needed.

This phenomenon has an intuitive explanation. First, the distribution of IE[Xy|X;] is in high-
dimensional. Second, the distribution of IE[X|X;] has many modes (for example, each dog breed
is in a different mode of the distribution of natural images; and dog breeds are only a small fraction
of all animals, which are only a small fraction of different entities appearing on natural images).

The Problem of Clean Data. While we may have access to a tremendous amount of good dog
images, and thus be able to train good models generating dog images, this is not the case in other
domains. Important examples in which clean data is scarce or completely absent are X-Ray images
of rare-disease patients, expensive-to-produce protein sequences, astronomical images [?]. Can we
still train a good diffusion model in the absence of clean data? One way to formalize is as follows:

Problem 1. Suppose that instead of having access to samples from D, we only have samples
passed through some known noise channel C. That is, we observe samples of the form C(Xy) where
Xop ~ D. Can we still learn how to sample from D?

Information-theoretically, this problem has a rather straightforward answer. The channel C
should have the following property, as observed in [BPD1§]

drv(X,Y) > 0 <= drv(C(X),C(Y)) > 0. (Distributional Invertibility Condition)

Of course, the main question here is of computational efficiency. When do practical algorithms
succeed in Problem 1.

The work [DDD24] considers this problem in a setting when the corruption channel is just
(Standard VP Forward Process) ran for some known time tnature. That is, instead of having access
to po, corresponding to the true distribution D, one has access to py,,.,. Which is the distribution
of e~tnature X + N(0, (1 — e~ 2tnature) ),

The authors show that in this model, one can still learn how to sample from the uncorrupted
distribution D, even though during training the model never sees clean data. The key ingredient in
the proof is that the true score function Vlogpi(x) : R>g X R? — R? satisfies a certain condition
called consistency [DDDD23, SDCS23]. The consistency ensures that if sp(z,t) = Vlogp(z) on
Rt X R? and sq(x,t) is consistent on Rsq x R?, the functions s(z,t), V log p;() would evolve
in the same way everywhere and, thus, coincide on the entire domain R>q X R?. Hence, training
a network sg(z,t) to be consistent everywhere and to approximate V log pi(z) for ¢ > thature gives
the desired property. For additional details, have a look on ?77.

Consistency Beyond Additive Gaussian Noise. But what about other noising channels C in
Problem 17 In the real world, we encounter many examples in which the corruptions are not additive
Gaussian noise. Natural examples include blurring (mathematically modeled as convolving with a
Gaussian kernel), distorting, multiplicative (speckle) noise in astronomical imaging [LAD"14].

In this work, we aim to study Problem 1 under more general linear corruptions models (formally
defined in Definition 1) which include as special cases the model of additive Gaussian noise, Gaussian
blur and others. We are particularly interested in Gaussian blur due to its practical relevance and
interpretability.



1. Consistency: [DDDD23, DDD24|

2. Deblurring: [BBC122, DDT+22, HS24]

2 Preliminaries

2.1 Model

The general corruption model that we want to study in this work is for linear stochastic processes
with additive Gaussian noise [DDT+22].

Definition 1. A linear process on R? with additive Gaussian Noise is given by X ~ D and
X = D Xo + A

where t — Dy, t — Ay are sufficiently smooth full-rank deterministic matrix functions for which
DO = I,Ao =0 and n NN(O,I).

We note that the only difference with [DDT*22] is that A is a scalar in their set-up, while we
allow for matrix values. This is not simply for the sake of generality, but we believe that it may
have some practical consequences, see Section 4. We give several examples:

1. (Standard VP Forward Process): Setting D; = e 'I, Ay = v/1 —e~2I (and more generally
multiples of the identity), we recover the standard diffusion model.

2. Gaussian Blur [RHS23, BBC*22]: In the Gaussian Blur model, one has that X; = Gy *
Xo where this is the convolution with a kernel corresponding to a Guassian of variance t.
This could be equivalently rewritten as the partial differential equation corresponding to
the Laplacian: dX; = %AXt. Since the Laplacian is a symmetric linear operator, it can
be written as dX; = %VAVTXtdt for some apropriate diagonal V' and orthogonal A (to be
discussed more in a moment). Hence, this is indeed a noiseless instance of Definition 1 with
Xy = Vexp(AA) VT X,.

3. Gaussian Blue+Noise [DDT122, HS24]: Similarly, one can mix the two models and obtain
the model dX; = AVAVT Xyd; + o).

Remark 1 (Why is inverting Gaussian blur non-trivial.). Note that in the theoretical model of
Gaussian blur, there is an explicit one-to-one deterministic map between clean image Xy and noisy
image X; given by X; = Vexp(%A)VTXO. Why is then this not a trivial task? There are several
issues related to discretization. First, since we work over a discrete pixel space, the kernels that
we work with are not exactly Gaussian. They are only approximations over the integer lattice
which are, furthermore, truncated to a specific window in practice. Thus, if Gy corresponds to the
practically implemented Kernel, it is not even through that G1xG1 = Gy (even though, in the ideal
continuous setting G * G1 = G2). Hence, any naive attempt to invert Gy * Xy = Vexp(%A)VTXO
will have certain errors. Due to the exponential growth in exp(%A), this effect will compound.
Hence, a more sophisticated denoising, for example based on diffusion, is needed.

We note that under a somewhat general condition, the process in Definition 1 can be rewritten
as an SDE.



Proposition 2.1. Suppose that we have the process Yy satisfies Yy = Dy Xy + A for n ~ N(0,1)
where Dy, Ay are both smooth and Dy is invertible for all t. Suppose that for all 0 < t < T, they
satisfy the following inequality:

A AT + A AT = DD AAT + A, AT D TD,T.

Then, Y; satisfies the SDE

dY; = (DD 1) Yydt + \/ AAT + A AT — DDV AAT — A AT DT DT By,
where /- denotes any PSD square root. In particular, (Yi)o<i<r s a Markov process.

The proof is rather standard and can be found in Appendix B.1. For any Lipschitz test function
h : R? — R of compact support, we expresses % IE[h(Y}:)] both using the linear process definition
and the corresponding SDE and show that the two expressions coincide.

Perhaps surprisingly, it turns out that the process can be expressed as a Markovian process if
and only if it is an SDE. Namely,

Proposition 2.2. Suppose that t — Dy, Ay are both smooth and Dy is invertible for all t.mit
Suppose that for some T > 0 and any Gaussian distribution of X, there exists some process
(Zt)o<t<T which is Markovian and Z; and Xy = D;Xo + Ain have the same marginal distribution
for all0 <t <T. Then,

A AT + A AT = DD AAT + A AT DT DT

The full proof is in Appendix B.2. The high-level strategy is as follows. Consider some space
O, a family of distributions (Pj)sco over R? and some distribution @y over ©. Now, consider the
following random variables for some 0 <t <r <T:

0 ~ Qp, Xo ~ Py, Zt ~ D:Xo + An, Zo ~ Dy Xo + Ay,
Now, if (Z;)o<t<7 is indeed Markovian, then clearly
0 — 72, — Z,
is a Markov chain. In particular, this means that
1(0; Z;) > 1(6; Zy).
We will define a collection of possible distributions (6, Py)pco in such a way that ¢ — I(0; Z;)

is always differentiable. Hence, the inequality will imply that %I (0; Z;) is non-positive for any
(0, Pp)geo in the collection. From this, we will derive the conclusion.

2.2 More on Gaussian Blur and Diagonalizable Processes

One instance of interest in Definition 1 for which it is easier to reduce the process to standard
diffusion is when the matrices (Dy, A¢)i>0 are symmetric and jointly diagonalizable. That is, there
exists some orthogonal matrix V such that D; = VA, VT, A; = V¥, VT and A;, ¥; are both diagonal.



This structure holds for the Laplacian pde associated to Gaussian blur as discussed in [RHS23].
Here, we give a more general presentation.
Then, we can write

X, =VAVIXg+ VU VT =
VIX, = AVT X+ Uy <=
Y = A Yo + Uy,

where we denoted Y; = VT X, and used the noise 7 is rotation invariant.

This is the case, for example, for Gaussian Blurring with A; = exp(%A) and any Gaussian
noising with covariance of the form V®V7 for a diagonal ®.

It must be noted that for diagonal matrices, Proposition 2.1 simplifies significantly.

Proposition 2.3. Suppose that we have the process Yy satisfies Yy = MYy + WUyn, where Ay > 0, U,
are both smooth,diagonal, and we have A; is does not have zero entries for any t. Additionally, for
Yy = % we have %E% > 0 (element-wise). Define gy = \/%E%. Than, Yy satisfies the following
SDE:

A
Y; = —A—tmdt + ArgidBy,
t

with the reverse SDE:

A
dY; = | Y — 77V, log py(V7)

dt + Ag:dB
A, + Atgra by

2.3 Learning the score
Note that by the Lemma A.1 we have that:

Ay ]E[Y()\Yt = yt] — Yt
v? ’

Vylogpi(ye) =

and we can learn IE[Y)|Y; = y;] by optimizing the following loss:

( ) tNU[O’T]YONPOKfNAtYO-F\Iftnng( t ) 0||2

This method finds the score in the frequency space. However, it is empirically observed that neural
networks work well for finding the score in the pixel space. Therefore, we instead learn

ho(x,t) = E[Xo|X; = z],
by optimizing

L', t)= E E E ho(Xy. 1) — Xoll2.
( ) tNU[07T] Xo~po XtNV(AtVTXo—‘r\I/tVTn) || 0( t ) 0”2

Finnaly, note that we have:

EY|Y, =] = B[V Xo|V X, = y] = VI E[Xo| X, = V] = V AV, t).



Putting this into 1, gives us:

AtVTh(Vyt, t) — Yt
2 ’

Vy log pt(yt) =

and from Proposition 2.3, our reverse SDE becomes the following:

A AV TR(VY; t) = Y,
dY, = | Y, — Algl = (wt =%
t

1 dt + A¢g:d By (h-SDE)
t

Using h-SDE, we can define the consistency loss as follows:

L?0.)= E E E ho(X:.t) — ho( Xy, )2
(6,%) t~U[0,T) Xirops t/ ~Ut—e,t] [ho(X:,?) o(Xu, )]z,

where Xy is obtained first going to frequency space by calculating Y; = VT X;, than running h-SDE
from ¢ to ¢’ to obtain Yy, and than going back to the pixel space by Xy = VY.

3 Learning the score from noisy data

Consider our process in the frequency space defined as follows:
Yi=A¢- Yo+ ¥,

and suppose we have access to samples from a noisy distribution Y; .. Firstly, we are going to
consider a linear transformation of our original process:

which will result into the following process:

~ v
Yo =Yoo+ o

= }/b + Et -1,
where we used used Ag = I. Now following [DDD24], we have:
Y, =Yo+%n

5}% = ﬁnature + \/ Z% - E%nature /e

Calculating log p;(g:) using Lemma A.1 for both of the models and equalizing, gives us:
EYolY: = §i] = Gt _ EVip|Ye = 5] = 5t

»? B »? %2

tnature

This identity is nice but it relates the scores in the transformed frequency space. In order for it
to be useful for our framework, we need to get a relation of scores in the pixel space. Firstly, we
transform the equation back to the Y; space:
. - -1 - -
E[Yo|Y: = Aegie] —9¢ A (Y20 Ye = AtGit] — 0

tnature

52 $2 - 52

tnature




Now, we go to the pixel space as follows:

tnature

VIE[Xo|X; = VA — 5 MLV T EX X = VAG] — G

b $2 %2

tnature

Taking 4: = A, Yy Tz, gives us:
VIE[Xo|X; =2 — A7V 2 AL

tnature

v’ ]E[thature‘Xt = ajt] - AglvTxt
E? N E% — 32 .

tnature

Doing algebra, we obtain:

22
]E[X0|Xt = {L‘t] =V <t (A_l VT ]E[thature’Xt = .’Et] — At_lvTI‘t> + A[lvTxt>

2 _ 2 tnature
Et Etnature
Z? 1 T Z% 1y,T
— - _ nature —
= V <22 — 22 Atnaturev ]E[thature|Xt = .fCt] + 722 — 22 At Vv $t>
t tnature t tnature

This gives us a framework of learning the score for time ¢ > tpature, without having a direct
access to clean samples Xj. In addition, if we know that our score function satisfies ” consistency”
([DDD24]), than it will agree with the original function even for ¢ < tnature, allowing us to sample
up to Yp.

We now provide a bound on the accuracy of our learned data distribution with respect to the
true distribution under assumptions relating to consistency and smoothness.

Theorem 3.1. Let (Xy)e(o, satisfy the true reverse SDE

dX; = f(t, Xy) dt + Ay g1 dBy, X ~N(0,1),
with

f(t,2) = —Af g Vas(t, ).

Let ()A(t)te[O,T] satisfy the learned reverse SDE

dX; = f(t, X)) dt + Ay g, dBy,  Xp ~N(0,1),
with R

J(t,x) = =A7 g7 5(t, ).
Suppose that for all t € [0,T] the following hold:
1. Lipschitz in space:

1f(tz) = fEyll < Lllz—yll Y,y

2. Uniform noise bound:

N[

1A: gell < [[Aloo [lglloo =: M2

3. Score-estimation error:
~ 2 2
Extht [Hs(t’xt) - S(t’ J:t)” ] < e’
(By consistency the same holds under py.)

Then the Wasserstein-2 distance between the marginals at time 0 satisfies

elT —q

Wa(Py, Py) < Me.

Please refer to Appendix D for a complete proof.



4 Future Work

In this work, we proposed a generalized consistency framework applicable to a broad set of linear
corruptions beyond additive Gaussian noise, emphasizing Gaussian blur. Although we have laid a
rigorous theoretical foundation, practical validation through experimental results remains a critical
next step. Our initial experimental setup has not yet demonstrated empirical success, underscoring
the need for careful tuning and implementation refinements. Moving forward, we plan comprehen-
sive experiments designed to validate our theoretical predictions, specifically targeting Gaussian
blur and mixed corruption scenarios. These empirical studies will allow us to assess the robustness
and practical efficacy of our generalized consistency framework.
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Appendix

A Appendix A

A.1 Generalized Tweedie formula.

Lemma A.1. Consider the process defined as follows:

Yi=A - Yo+ V1.



Than, the following equality holds:

Ay ]E[YODQ = yt} — Yt
U2 ’

log pi(yt) =

Proof. We can find the score using calculations from the lecture as follows:

log pe(ye) = / (Vy, log pe(ye|Yo = yo0)) po(olY: = yi)dy
Yo

— (1 — Aon)?
:/ Vytu po(yo|Y: = yt)dx
Yo 2

_ At]E[Yo\Yt = yt] — Yt
5 ’

where all the operations are element-wise.

B On General Linear Processes

B.1 Proof of Proposition 2.1

Proposition B.1. Suppose that we have the process Y; satisfies Yy = D Xo + A forn ~ N(0,1)
where Dy, Ay are both smooth and Dy is invertible for all t. Suppose that for all 0 < t < T, they
satisfy the following inequality:

A AT + A AT = DD AAT + A AT DT DT

Then, Y; satisfies the SDE

dY; = (D;D; M Yqdt + \/ A AT + A AT — DD A AT — A AT DT DT dBy,
where +/- denotes any PSD square root. In particular, (Yy)o<i<T is a Markov process.

Proof. Consider the two processes. The first one is given by
th = DtXO + Atn

The second one is given by

dZy = DyD; V) Zydt + \/ A AT + ALAT — DDA AT — ALATD;TDTdBy,  Zo ~ Xo.
We will show that Y;, Z; have the same distribution for any t. ]

Proof. Assume that AtAtT + A AT — DtDt_lAtA? — AtAtTDt_TDtT is indeed PSD for any t and
let K; be an arbitrary square root of it. Let h : R® — R be any Lipschitz function with compact
support.
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Evolution of Linear Process. We compute

d
EA(Y:
B [A(Y))
= lim = L (i) - h(YD)
1
= lim - IE h(DtJrEXO + AtJren) - h(DtXO + Aﬂ])
e—0 € Xo,n

1 . .
= lim — ( E [h(DtXO + €D Xo + o(e) + A+ €A + o(e))

— E[h(D:Xo + Am)])

1
= lim — ( E [h((DtXO + Atn) + EDtD (DtXO + AtT]) + G(At ;lAt)’n>

— E[h(D:Xo + Am)]>
(2)

Now, observe that (A + eAt)n has covariance matrix Az A} + eA AT + eAtA;‘F +e2A; AT To relate
the above equation to the SDE, we will find some L; such that for independent Gaussian vectors

n,Y .
(A; + €D D7 Ay + Lig

also has covariance AtA:;F + eA AT + eAtAtT + 2 A AT + o(€?). That way, the first expectation
above can be rewritten as

E[h(Y; + eDyD; 'Y, + Lid)]

and we can relate the expression to the SDE.
Now, such an L; should satisfy

(At + ED‘tD;lAt)(At + E_D'thlAt)T + LtL? = AtA? + EAtAtT + EAtA? + €2AtAtT + 0(62).

Hence, one possible L; is L; = ﬁ\/AtAtT+AtAt = DD 1AtAT—i—AtATD ™D, + O(e) =
VEK; + O(e). In other words, L; = O(y/€) Altogether, going back to (5), we obtain

[h(Y?)]
= lim 1 (355 Y; +eD: DY + Lt¢) [h(Yt)]>
— eh£>10 1 (YItEqs + (Vh(Yy), eDyD; 'Yy 4 Liyp)
% eDyD; 'Yy + Ly, VA(Y;) (€D Dy 'Yy + L)) + ofe) — h(Y3) >

Now observe that ¢ is a zero-centered Gaussian independent of everything else. Getting rid of the

11



terms that or of the order o(e), recalling L; = v/eKy + O(e), we are left with
1

lim ( E

e—0 €\ Yi,0

=E
Y

e(Vh(Yy), DDy 'Yy) + (VeKip, Vh(Ys), \/EKt¢>] >

(VA(Y:), DDy 1Y) + tr(cstKtv?h(n)Kt(b)]
= B[(VA(Y:), DD, 1Y) + (V2h(Y:), KiK'

Hence, if we denote by p(y,t) the density of Y;, we conclude that the following PDE is satisfied for
any h :
d

p h(y)p(y,t)dyz/ ((Vh(y), DDy ) + (V2h(y), KK ))p(y, t)dy. (3)
R

Rd

Using integration by parts twice, we conclude that

d
/Rd h(y)%p(y, t)dy

4
= —/h(y)<DtDt_17Jy[yp(y,t)bdy+/h(y)<KthT,V§[p(t7y)]>dy W
Hence, the PDE satisfied by the evolution of density of Y; is
a — _(P.p-1 T o2
2P 1) = —(DeDy, Jylyp(y, 1)) + (Ke Ky, Vi [p(t y))).
Evolutin of SDE. We can perform an analogous analysis with the SDE. Namely, we have that
Wh(Z)
= E(Vh(Z,),dZ) + (07, V*h(Z0), )] (5)

= E[{h(Z), (DD ) Z))dt + Bl (Ko h(Z), Ko)dt

where we used that (dt)? = 0, dtdB; = dBidt = 0, (dB;)? = dt. Hence, we reach the same condition
as before for the density ¢ of Z;:

d . 1
/ M=) a(z, )z = / ((Vh(=), (DD Y)2) + 5 (TPh(e), KeKT )a(z, byt
As p, ¢ coincide at t = 0 and satisfy the same linear PDE, p = ¢ for any z € R% t € R. O

B.2 Proof of Proposition 2.2

Proposition B.2. Suppose that for some T > 0 and any Gaussian distribution of Xq, there exists
some process (Zi)o<i<T which is Markovian and Zy and Xy = Dy Xo + A have the same marginal
distribution for all 0 <t <T. Then,

A AT + A AT = DD AAT + A AT DT DT

Proof. Recall the high-level approach after Proposition 2.2.

12



Choice of distributions. More concretely, let 6§ ~ N(0, K?2) for some symmetric matrix K and
let Py = N'(6, L?) for some other symmetric L. Then, we have

0=K¢, Xo~N(Ko¢,L*)=Kp+LE Zy~DiXo+ Am= D K¢+ DLE+ A,
where ¢, &, n are iid samples from A (0, I). Hence, we have that
1(0; Z¢)
= I(K¢; DiK ¢ + Dy LE + Agn)
= h(DiK¢ + DyLE + Agn) — h(DiK ¢ + DL + Ain|K ¢)
= h(DiK ¢+ D LE + Am) — h(DLE + Am).
Using that the differential entropy of (i, X)) in d dimensions is % In(27) + % Indet X + g, we obtain

1 1
1(0;2) = 5 In det(D;K?D! + D, L?D} + A, AT) — g det(D;L>D] + A, AT).
These functions are clearly differentiable. Hence, for any K, L it is the case that

d
L16:2) <0
g0 2) < 0=

%m det(D;K*D} + D, L?*D] + A, AT) < %m det(D,L*D} + A4, AT) —=

d d d
— 57 mdet(Dy) + = In det(D:K*D} + D,L*D] + A A]) — o det(D]) < (6)

d d d
- n det(Dy) + o det(D;K?D! + D, L*D} 4+ A, AT) — o det(D) «—=

%m det(K? + L* + X; X]) < %m det(L? + X, X[

where X; = D; ' A;. Now, we use the fact that % Indet M (t) = (M~Y(t), %M(t)) for any smooth
symmetric full-rank matrix function t — M (¢). Hence, the above inequality implies that for any
symmetric K, L such that L? + X; X/ is full rank,

(K?+ L+ X X)L X xF 4+ xe X7 < (B2 4+ X X)) 78 X X+ X X T)

Choosing the free parameters. Now, choose L such that L? + X; X! = A for any large
positive A, say A = 2 \max (X X/ ). Let K = y/ev for some unit vector v and some small positive e.
Then, we have
(N + o)™ X X+ X, X7 < (WD) 7Y X X+ X X7 =
1 €

) . 1 ) ) . )
<XI — mmﬁ’, X X+ x:xX,7) < (XI, XX+ X X, T) = 0< (ew0?, Xo X + X: X T).

Endgame. As this holds for any v, this is equivalent to XtXtT + X, X;T = 0. Expanding this, we
obtain

X X'+ x,x1 - 0=

(DAY (D AT + (DT A (D ADTY = 0 =

(=D DiD7 Ay + D7YANAT DT + DY A(AT DT — ATD;TDT DT = 0 =
DY A ATD T + DAYAATD;T = DD D AAT DT + DA AAT DT DT DT

13



Now, we can multiply by D; on the left and D} on the right and obtain
AAT + A AT = DD AAT + A AT DT DT

which finishes the proof. O

C Consistency proof for diagonal non-uniform processes.

C.1 Notations

Throughout this section, for u,v € R%, by u - v we mean element-wise multiplication and for a real

a € R, by u® we mean element-wise power operation. For a function F : R* — R%, denote by

Jr € R4 the Jakobian (Jr);; = % and by A2F € R¥4| the matrix where (A2F);; = OF,
J

ox2”
J
Additionally, letters with an overline are used to denote vector-valued functions, e.g., §(t) : R — R%.
Finally, consider our main SDE, given as follows:

dXy = g(t)dBy, xo ~ po. (7)

C.2 Preliminaries

Consider the following backward SDE:

dX; = —g(t)?-a(t)? - (W( Xy, t) — X;)dt + g(t) - dBy (h-SDE)

Property 1 (Consistency). A function h : R? x [0,1] — R?, is said to be consistent iff for all
t€[0,1) and = € RY, we have:

h(z,t) = Ep[Xo| X} = x].

Property 2 (Conservative vector field). Let h : R? x [0,1] — R? We say h induces a
conservative vector field if for any ¢ € [0, 1], there exists some probability density p(-,¢) such that:

s(z,t) = g(t) "2 (h(z,t) — ) = Vilogp(z, t).

Now, we will show that if our score satisfies both Property 1 and Property 2, then it agrees
with the score induced from p. Furthermore, if it agrees with the true score in an open set, than
it agrees everywhere. The proof will be very similar to [DDDD23], with the difference that instead
of a scalar noising model, we have a vector values noising model.

Remark 2. Note that our theory doesn’t exactly correspond to our implementation. The reason
is that for implementation, the SDE is run in the frequency space, and the score is estimated in
the pixel space. However, currently our theory entirely focuses on operating in the transformed
frequency space

14



C.3 Proof development

Lemma C.1. Suppose the function h satisfies the consistency property. Than s defined as:
s(a,t) = a(t)™% - (h(z,t) — ),

satisfies the following PDE:

Os
ot

—k@@”@—%

(A2S) g(t)%
Proof. By definition, we have:
dXy = —g(t)? - s(Xs, t)dt + g(t) - dBy.
Now, applying multi-dimensional Ito’s formula for the function A, gives us:

Oh 1

an(xit) = (G = 1 (@07 +9) - 5

o (A%)g(t)z) dt + Jy (g(t) - dBy) .

Since from Property 1 it follows that h is a reverse martingale and hence the dt part needs to be
0, from which we obtain:

1
5~ In (@07 5) = S(A%h)g(1)* = 0. (8)
Now, remember that by definition we have:
h=gz+a(t)?-s.

Therefore, putting this into 8, gives us:

0= o (z+ 5 ()% - 8) = Joromzs (9(6) - s) — 5 (A% (z+a(t)* 5)) g(t)?
= Do 54307 s~ (14 ding(3 (1)) (517 5) — 1 (dias(a (1) (A%)g(1)?)
=507 s+ (07 s — (1) -5 — ding(a (02307 - 5) — 1 (dins(a(12)(A%)3(1))
=507+ s = (G )~ (1) (A%)5(1)?

Dividing by & (t) element-wise finishes the proof.

Now, using Property 2, there is a probability field p(-,t), such that we have:

S({/C,t) - g(t)72 (h(l’,t) - .’L’) - logp(x,t),

for any ¢ € [0,1]. Now denote by p'(x,t) the probability density function defined by 7 with
po = p(+,0). Define s'(z,t) = log p/(x,t). Than, since the real score is self-consistent, it follows that
s’ also satisfies:
s ~ 12 L a2y -2
T Js (9(t)% - s) — 5 (A%s) g(t)* =0.
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Since we have that s'(-,0) = s(-,0), than by the uniqueness of the PDE solution ([should be
truel), we mush that s(-,¢) = §/(-, ) for any ¢ € [0, 1]. Hence, we conclude that h(-,t) = h'(-,t) for
any t € [0,1].

The second part of the analogous theorem from [DDDD23], follows similarly by showing that
for a fixed tg, p(-,tp) is an analystical function.

D Proof of approximation bound, Theorem 3.1
Theorem D.1. Let (X¢)ejor) satisfy the true reverse SDE
dX; = f(t, X¢) dt + Ay g¢ d B, X1~ N(0,1),

with
f(t.2) = =AY g Vas(t ).
Let ()?t)te[O,T] satisfy the learned reverse SDE

ax, :J?(t,)?t)dt‘f'AtgtdBta )?TNN(OJ);

with R
Suppose that for all t € [0,T] the following hold:
1. Lipschitz in space:

It x) = fEull < Lz -yl Va,y.

2. Uniform noise bound:

N[ =

A2 gell < [|Alloo 19]lo0 =: M 2.

3. Score-estimation error:
Egi~p “|5(t’ z) — 5(1, xt)”ﬂ < &%

(By consistency the same holds under py.)

Then the Wasserstein-2 distance between the marginals at time 0 satisfies

LT
-1
M e.

Wy (130, Py) <

Proof. We begin by coupling the true and learned SDEs using the same Brownian motion. Namely,
first draw

XTNN(()?I)v

then set X7 = Xr, and fix a Brownian motion (B¢).c[o,r7- Then evolve in reverse time from 7 to
0:
dX = f(t, X¢) dt + Ay g1 By, 9)
d)?t = fA(t, Xt) dt + At gt dBt (10)

Therefore

~

dXy —dX; = (f(t, Xe) — f(t, Xy)) dt,
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and we set

dy; = (f(tht) - f(t, t)) dt, Yr =0.
Now let F(y) = [|ly]|?, so that
VF(y) =2y, V?F(y)=2I.
By 1t6’s formula, o
d|[Vi|? = 2(V3, f(t, Xs) — F(t, Xy)) dt. "

Next define the “score-error” field

As(t,x) = f(t,x)— f(t,2) = A g} [5(t, ) — s(t,2)].

Then we decompose

~ ~

f(t7Xt) - f(t>)?t) = (f(tht) - f(tv)?t)) + (f(t,)?t) - f(tv)?t))
= f(t, Xe) = [(t, X2) + Af(t, X).

In this setting, we can think of the difference between the first two terms being the drift due to
X — Xy, then Af(t, X;) measures the model error at X;.
We can now use the L-smooth assumption on [|Y;||, mainly

1 (t X0) = f(&, Xl < LIXe = Xl = LIIYe|-

Now by ()
d (Y, dYy)
— IV = ———— < ||dY; by Cauchy—Sch .
1 Yz ]| T |dY;|| by Cauchy—Schwarz
Thus

d -
3 el < LYl + [1As(E Xl

for convenience, define u(t) := ||Y|| & ¢g(t) := HAf(t,)A(t)H
so from before we have
/' (t) < Lu(t) + g(t)

with the condition u(7T) = 0. We now seek a bound on u(0).
For this, recall Gronwall’s Inequality, which states that if
W () < Lu(t) + g(t), u(0) = up,

then vt > 0

t
u(t) < eltug +/ eHt=9)g(s) ds. (3)
0

But note that our initial condition u(7") := 0, so we simply run backwards in time. Mainly, set
7:=T —tthenast— T down to 0,7 — 0 up to T.
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SoVt>0 .

u(t) < ey (T) —I—/ e =% g(s) ds.
T

using u(T") = 0, we obtain

0 T T
w(0) = Yo < / ¢L0-9) g5 ds — / LT=5) g (s) ds — / T A s (s, X,) ds.
T 0 0

Squaring and taking expectations, then applying Cauchy—Schwarz in time,

E TeL(T—s)g(s) ds 2 < TeL(T—s) ds TeL(T—s) IE[g(s)Q] ds.
), )=, )],

T T N
E|Y)? < eHMT=5) 4s P T=) B || As(s, Xo)||? ds.
0 0 /

By A2-A3, HAf(s,)A(S)H < |Asgs|? 5= sl < M ||s—s|| and IE ||5 — s]|? < &2, so E[|Af||? < M2
Noting f(;[ eMT=9) ds = (T — 1) /L, we get

Hence

2
BVl < M2e2(£52)

SO
LT

~ —1\2
E[lXo — Xo|? < M?e?(=——)

We connect this to Wa (]30, Py). Recall that

. ‘ ) 1/2
WalPo )= inf ([ o= ylPdn(en)
TFEH(P(),P())

Thus for any coupling 7 of ﬁo and Py we get
= 1/2 S 1/2 1/2
wau@fmfg(/wxywdﬂayo = E[| X0 - Xol?]'* = E[|I%0]"] .

So
LT

. —1
WaPo, ) < (EIV0I?)"* = M (“—F—)e

E Question to discuss

Technically we can put a consistency on our desired form of SDE. Which one should we consider.

e For CIFAR is the frequency matrix 32x32 or 3x32x32.

e need to check if model timesteps is int or float
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